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Estimation of Structural Response
Using Remote Sensor Locations

Daniel C. Kammer*
University of Wisconsin-Madison, Madison, Wisconsin 53706

A method is presented for estimating the response of a structure during its operation at discrete locations that
are inaccessible for measurement using sensors. The prediction is based on measuring response at other locations
on the structure and transforming it into the response at the desired locations using a transformation matrix. The
transformation is computed using the system Markov parameters determined from a vibration test in which the
response is measured both at the locations that will possess sensors during structure operation and at the desired
locations that will not possess sensors. Two different approaches are considered. The first requires as many sensors
as there are modes responding in the data. The second approach, a generalization of the first, only requires as
many sensors as the number of input locations. The transformation matrix is shown to consist of a set of inverse
system Markov parameters, which can be related to a corresponding observer formulation. A numerical example
is considered using the controls-structures interaction evolutionary model testbed at NASA Langley Research
Center. Acceleration response with 10% rms noise at six sensor locations is used to predict the response at four
force input locations. The proposed method is not computationally intensive and, combined with the fact that the

process is causal, may allow real-time applications.

Introduction

CCURATE knowledge of response produced at discrete loca-

tions within a flexible structure during its operation is vital to
many engineering applications such as control, structural monitor-
ing, damage detection, parameter identification, and loads analysis.
In the case of structural monitoring and damage detection, response
is required at identified critical areas within the structure. In many
instances, sensors, such as accelerometers, can be easily placed at
the locations of interest. However, situations can exist in which
the desired locations are not accessible for measurement during the
structure’s operation. This may be the case when locations of in-
terest are at interfaces between substructures in a larger structural
system.

Inverse filtering of signals'~® representsan instance in which col-
location of inputs and outputs is desirable. A specific application of
current interest is the determination of discrete input forces based
on measured structural response > In this situation, the input forces
cannot be measured directly; therefore, the input locations are usu-
ally not accessiblefor response measurementeither. Noncollocation
of inputs and outputs produces a nonminimum phase system, which
by definition possesses unstable zeros. Inversion of such a system
producesa filter, which has unstable poles. The correspondingfilter
output becomes unbounded.

A method is presented by which the response at discrete inac-
cessible locations can be predicted using the response measured
elsewhere on the structure. A transformation matrix is produced
based on the unit pulse response obtained from a vibration test of
the structure or substructure prior to it being placed in operation.
Response measured during structural operation can then be trans-
formed into the correspondingresponseat the desired locations. The
transformation matrix is shown to consist of a set of inverse system
Markov parameters, which can be related to a corresponding ob-
server formulation and the Kalman filter. Note that the proposed
procedure can be performed entirely using only data obtained from
a straightforward vibration test.
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Description of Structural System

The structural system to be analyzed has a discrete time repre-
sentation, which is governed by the difference equation

x(k + 1) = Ax(k) + Bu(k) (1)
in which x represents an n-dimensional state vector, A is then x n
system matrix, B is the n x n, input influence matrix, and u is the
n,-dimensional force vector. Index k indicates the appropriate time
step. The corresponding system output equation is given by

ys(k) = Cyx(k) + Dsu(k) 2)
where y; is an n,-dimensional sensor output vector, C isan ng X n
output influence matrix, and D, is an n, x n, direct feedthrough
matrix.

It is assumed throughout this analysis that accelerometers are
used as sensors such that the direct feedthrough matrix is nonzero;
however, other types of sensors can be used by appropriately mod-
ifying the derivations$ In the case of a modal representation of the
structure given by

§+2c0q4+o’q=yx"u 3)
the matrices A and B will be time discretized versions of
N RS i
-’ —-2cw 2!
whereas matrices C; and D, are of the form
C =[-20" -2xc0] D, = y.x! )

in which wis a diagonalmatrix of modal frequencies, ¢ is a diagonal
matrix of modal damping coefficients, and y, and y, are the mode
shapes partitioned to the sensor and input locations, respectively.

For zero initial conditions, Egs. (1) and (2) can be combined to
produce the output at any time step in the form

k
i)=Y Hyu(k =) ©)

i=0

Equation (6) represents a moving average model of the discrete
system where the n; x n, weighting matrices Hj;, called Markov
parameters, are given by

Hy, = D, H,;=C,A"'B i=1,23,...
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The Markov parameters represent the response of the discrete sys-
tem to unit force pulses at the input locations and, thus, contain
the dynamic properties of the structure. They can be obtained by
experimentally measuring the output of the system due to a known
input and computing the corresponding frequency response func-
tions. The Markov parameters are then derived by computing the
inverse discrete Fourier transform.

Prediction of Response Using
as many Sensors as Modes

Assume that y represents the acceleration response due to input
forces u at both the sensor and desired response locations and that
it can be written in the form

y=12xq ®)

in which y is the matrix of mode shapes that respond in the output
and ¢ is the vector of corresponding modal accelerations. Equa-
tion (8) can be partitioned into sensor and desired locations to pro-
duce the two relations

Ys = 254 9
Ya = X(lq (10)

in which subscripts s and d refer to sensor and desired location
partitions, respectively. Equation (9) can be solved for the modal
acceleration using a least-squares approach:

i=[x"%])" 2y (11)

Substitution into Eq. (10) produces

Sa=ralx'x] 2ty = Py, (12)

where y, represents the estimate of the accelerationresponse at the
desired locations. Using the transformation matrix P, the desired
location response can be estimated from the acceleration measured
at other locations on the structure. Note that for this approach to
be valid, the number of sensors n, must be greater than or equal
to the number of modes 7, that are excited by the inputs, and the
modal partitions y, must be linearly independent. The author has
developed a method, called Effective Independence, which can be
used to optimally place sensors to satisfy these conditions” It is
proposed that mode shapes derived from a pretest finite element
model can be used to optimally place sensors on the structure.

To computethe transformationmatrix P using Eq. (12), the modal
coefficients at both the desired and sensor locations must be known.
Test-based modal coefficients can be computed from the same test
data that must be obtained to compute the Markov parameters. Sev-
eral methods have been developed for this purpose® Note that the
response of the structure must be measured during the test at both
the desired response locations and the locations that will possess a
sensor when the structure is in operation.

An alternative approach can be taken for computing the transfor-
mation P directly from the test data without estimating the mode
shapes. Assumingthatthere are n, pointsin the testdata, there will in
general be n, Markov parameters H;, which can also be partitioned
according to sensor and desired locations as

[ H,; }
H=| "
Hdi

From previous discussions, it is known that the response at any
location can be computed by convolvingthe corresponding forward
system Markov parameters with the input forces. Therefore,

i=0,n—1 (13)

k
vy =Y Hyu(k =) (14)

i=0

.
yatky =Y Hyu(k — i) (15)

i=0

Equation (12) then implies

H, = PH,; i=0,n—1 (16)
However, due to the Cayley-Hamilton theorem,’ there are at most
2n,, + 1 independent Markov parameters. Therefore, only No >
2n,, + 1 equations from Eq. (16) must be considered. Assembling
the sensorand desired location Markov parametersinto the matrices

H, =[H, H, Hye_i] -
Hy=[Hp Hy - Hiye]
and using Eq. (16) results in
PH, = H, (18)
An estimate of P can be computed as
P =H,H' (19)

in which Hj is the Moore-Penrose pseudoinverseof H;. Note that,
in general, H, will not be full row rank. The pseudoinverse of H,
can be accurately computed, even in the presence of sensornoise, by
employing the singular value decomposition.! The accuracy of the
estimate for P canbe checkedusing Eq. (18). Using P, any response
measured on the substructureat the sensor locations during vehicle
operation can be used to estimate the corresponding response at
the desired locations.

For the solution P in Eq. (18) to exist, block row matrix H, must
lie in the row space of H,. This is guaranteed by the previously
discussed conditions in which it is assumed that n; > n,, and y, is
full column rank.

Prediction of Response Using
Fewer Sensors than Modes

In some cases, there may be many modes respondingin the sensor
output, making the proposed method of predicting the response at
the input locations cumbersome due to the large number of required
sensors. This section focuses on modifying the previous method
such that fewer than n,, sensors are required. It is now assumed that
ng <n,,. The idea s to still use an equation analogousto Eq. (18),
such as

PH, = H, (20)

but to increase the row rank of H; such that H; will always lie in its
row space. ~

The properexpressionfor H can be found by expanding Eq. (14)
for the kth and past N — 1 time steps and arranging in matrix form
as

H\'O H\'l H\'k u(k)
0 Ho - - Hyo [["K=D
0o 0 :
O e H\'O H\'k*NR +1 u(O)
ys(k)
ys(k—1)
= : 2D
s(k— N+ 1)
whereas for the kth time step, Eq. (15) is given by
u(k)
utk —1)
[Hoo Ha -+ Huyl =yq(k) (22)

u(0)
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Premultiplying Eq. (21) by the transformation P and utilizing
Egs. (20-22) produces

u(k) ¥ (k)
u(k — 1) ys(k — 1)
PH, : =P :

u(0) s(k—Ng + 1)

u(k)
utk —1)
=H, ; =ya(k) (23)

u(0)

If transformation P can be found, the response at the desired lo-
cations at time k, y,(k), can be predicted using the current sensor
response y, (k) and the response from the past Ny — 1 time steps.

The corresponding matrix equation that must be solved for P is
given by

H\'O H\'l H\'N c—1
0 Hy Hine -2
Pl O 0 :
0 -+ Hy Hine — ng
=[How Hu - Hine-i] (24)

As discussed earlier, solution P exists if Hy lies in the row space
of H,. Note that the order of the transformation P is given by Ng.
To maximize the efficiency of the desired response prediction al-
gorithm, Ny should be picked as small as possible. Because of its
form, the maximum possiblerank of H; is givenby N -n,.Itcanbe
shown that to identify the underlying system, N must be selected
such that Ny -n; > 2n,., where n,,. is the number of observable and
controllablemodes.'! In practice, Ny is selected several times larger
than the correspondingvalue. Note that sensors must be placed such
that all modes observable from the desired response locations are
also observable from the sensor locations.

The conditions under which H attains its maximal rank can be
examined by writing H, in the form

H, =[Hy Hl (25)
in which
H\'O H\'l H\'N R—1
0 H\'O H\'NR -2
Hy=| 0 0 .
: H\'O H\l
0 0 Hy
(26)
HA\'NR HA\'NR+1 H\'Nc—l
HA\'NR— 1 H\'NR H\'NC—Z
H\'E - . . .
H\'l H\'Z H\'NC — Ng

Because of its structure, H; will be full column rank if and only
if Hy, is full column rank. Therefore, to maximize the rank of H,
sensor locations should be selected such that the system is observ-
able and H,g is full column rank. This implies that n; > n,, instead
of the previous requirement n; > n,,. Matrix H;r can be recog-
nized as the block Hankel matrix H(0) used in the Eigensystem
Realization Algorithm® for system identification. It can be shown
that it has at most 2n,,. independent columns when N¢ is selected
such that No — Ni > 2n,. (Ref. 11). Because accelerometers are
being used as sensors, any rigid body modes are not observable. If
there are more sensors than inputs and if Ny is fixed, H; achieves
maximal rank if the number of block columns is selected such that

N¢ > Np + 2n,.. In practice, N¢ is selected much larger than this
value to ensure an overdetermined system of equations.

Assuming thatconditionsare met such thata solutionfor P canbe
found, givenn, sensorlocationresponsedata points,desiredlocation
response for the correspondingn, time steps can be computed using

Yso  Ys1 e e Ysn, -1
O y«\'O e e yA\'n, -2
p| o o :
0 o Yso Ysn, — Ng
= [ydO Yai y(ln,—l] 27

Note that the desired locationresponse at time zero dependsonly on
the measured sensor response at zero, whereas the desired response
attime k = 1 depends on the measured response at both k = 1 and
k = 0. This pattern continues until, finally, at time k = Nz — 1 and
beyond, the desired location responseis computed using the current
and past Ny — 1 measured sensor responses. Note that no future
responses are required so that the process remains causal. It is also
important to realize that there is no restriction relative to either N¢
or Ny on the number of data points n, that can be predicted for the
desired location response. Whereas this procedure assumes that the
system initial conditions are zero, it can also be accurately applied
to systems with nonzero initial conditions to predict response for
time steps k > Npg.

Relation to Inverse System Observer
Markov Parameters
Equation (27) represents a moving average model of a remote
sensing system with input y; and output y,, which can be written
alternatively in the form

k
yatky ="y Py.(k — i) k<Ng—1
i=0
Ngr—1
yathy =Y Piyuk—i)

i=0

(28)
k> Ngp — 1

where P; are a set of n; x ng Markov parameters contained in
transformationmatrix P identified in the precedingsection. A state-
space representation of this remote sensing system can be derived
by solving Eq. (2) for u:

u(k) = =D Cx(k) + D}y, (k) (29)

and substituting into Eq. (1) and an output equation analogous to
Eq. (2), but for the response at the desired locations. This produces
the system

x(k + 1) = Ax(k) + By, (k) (30)
ya(k) = Cx(k) + Dy, (k) 31)

in which
A=A-BD!C, B=BD} (32)
¢C=cC,-D,DrcC, D =D,D} (33)

s

and D is the generalized inverse given by
p; = (p'D,) ' DT (34)

Equations (30) and (31) have the desired input and output, but
Eq. (30) is an inverse state equation with respect to Eq. (1) (Ref. 6),
meaning that the output and input have been switched. As already
discussed,the systemrepresentedby Eqgs. (1) and (2) will be nonmin-
imum phase, meaning that it possesses unstable zeros. The inverse
state matrix A will then have unstable eigenvalues, meaning that
Egs. (30) and (31) cannot be used to estimate the response at the
desired locations based on the measured response.
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This problem can be addressed by artificially introducing damp-
ing to make the system as stable as desired using an observer
formulation.!> The artificial damping is introduced by adding and
then subtracting the term Gy, in Eq. (30) where G is an arbitrary
gain matrix, which can be specified to provide as much damping
as desired. The resulting discrete time system equation can then be
cast in the form

x(k + 1) = Ax(k) + Bu(k) (35)
in which
A — AA A — — Ty fay — y\(k)}
=A+GC B=[B+GD —-G] vk =
ytl(k)
(36)

Combining Eq. (35) with output Eq. (31) produces the following
input-output relation for the observer-basedsystem:

k=p

k
Yty =" Hy(k —i)

i=0

yatky =Y Hv(k —i)

i=0

(37
k> p

Fig. 1 CEM finite element model; solid arrows denote inputs, and
open arrows denote sensors.
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whereithasbeenassumedthatthereareonly p + 1 observerMarkov
parameters given by
Hy,=[D 0] H =CA~'B i=1,p
In general, the system matrices and the gain matrix appearing in
Egs. (35) and (36) are not available for the computation of the ob-
server Markov parameters. Rather than specifying the gain matrix
G to provide the appropriate damping and decay of the observer
Markov parameters, an alternate approach can be used to compute
the observer Markov parametersdirectly from the test data such that
the observer-basedsystembecomesdeadbeatafter p time steps. This
implies that the observer Markov parameters are zero after that time.
Further details can be found in Refs. 11 and 12.

Remember that the output of the original discrete inverse system
and the observer-basedsystem are identical. The outputrelationship
for the observer-based system given by Eq. (37) can be expanded
and applied to the test-based sensor and desired location Markov
parameters from Eq. (13), producing the matrix equation

HV = H, (38)
in which
H=[D H, H,] (39)
_H\'O H\'l H\'NC —1 T
O H\'O H\'l H\'NC -2
0 Hyp Hy Hyne -2
0 0 Hy
V= (40)
0 0 Hy
0 - oo Hg o Hyeopo
| O <o Hyooooor Hgne - poi

A set of p + 1 observer Markov parameters can then be estimated
by solving Eq. (38) using the Moore-Penrose pseudoinverseof V.

Comparing Egs. (24) and (40), if Nk, N¢, and sensorlocationsare
selected accordingto the preceding section,and if p = Ny — 1, then
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Fig.2 Unit pulse response at 294-x due to input at 3-y.
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Fig.4 Response at input location 310-x: - - -, exact and ——, predicted.

matrices V and H, will have the same row space. A comparison of
Egs. (20) and (38) then indicates that the estimated Markov param-
eters for the observer-basedsystem and the remote sensing system
discussed earlier produce equivalent input-output systems, which
are deadbeat after p time steps in the absence of noise. The advan-
tage of the proposed remote sensing formulation is that only the
measured sensor response is required to estimate the structural re-
sponse at the desired locations, whereas in the observer formulation,
both the measured sensor response and the past estimated desired

responses are required. In addition, the remote sensing formulation
will, in general, resultin a smaller data matrix that must be inverted
in the computation.

Juang et al.'? have shown that using the presented deterministic
deadbeatobserverequationson noisy data results in a Kalman filter
in the limit as the amount of data used in its formulation tends
to infinity. In practice, when a finite amount of data is used, the
computed filter satisfies an optimality conditionindicating that it is
the best filter obtainable for the finite amount of data.
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Fig. 6 Response at input location 3-z: - - -, exact and —, predicted.

Numerical Example

This section considers the application of the proposed response
estimation algorithm to the controls-structures interaction evolu-
tionary model (CEM) testbed at NASA Langley Research Center
(LaRC) Space Structures Research Laboratory. The corresponding
finite element model (FEM), with much of the detail removed for
clarity, is shown in Fig. 1. It contains 482 grid points with 2892 de-
grees of freedom. The structure is supported by two cable systems
attachedto the forward and aft suspensiontrusses. The model was re-
ducedto a modal representationcontaining27 modes in a frequency
range of 0.0-35.0 Hz. Four locations on the structure were selected

for inputs and six were selected for placement of accelerometers,
as illustrated in Fig. 1. The objective of this example was to excite
the structure, measure the response at the sensor locations, and then
predict the corresponding response at the input locations. There-
fore, in this case, the desired locations and the input locations are
identical. However, the sensors and inputs are not collocated. This
systemis not minimum phase and the correspondinginverse system,
Egs. (30) and (31), is unstable.

A modal test was numerically simulated for the CEM. The 27-
mode model was excited at the four input locations using random
forces, and the corresponding acceleration response was measured
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atboth the sensor and the input locations. A time step of 0.002 s was
employed, and 2.0% critical damping was assumed for all modes.
During the simulation of the modal test 10% rms normally dis-
tributed noise with zero mean and unit standard deviation was added
to the sensor data. Frequency response function matrices were gen-
erated using correlation functions with 20 averages. The Markov
parameters were then computed using the inverse discrete Fourier
transform. A total of 4096 data points were used in the analysis. A
typical pulse response at node 294-x due to input at 3-y is shown

in Fig. 2. The sensor and input location Markov parameters were
assembled into the form of Eq. (24) and solved for the transforma-
tion P. Seventy block rows, N, and 600 block columns, N, were
used to produce a transformation matrix with dimension (4 x 420).
Selecting Ny = 70 implies that at the 69th time step and beyond,
the current estimate of the input location response will depend on
the current and past 69 measured sensor responses. In the presence
of sensor noise, the system becomes approximately deadbeat at the
70th time step. Selecting No = 600implies that only 600 time slices
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of data were used to compute P. Note from Fig. 2 that at the corre-
spondingtime of 1.2 s the pulseresponsehas notyet decayedto zero.

Operation of the structure was simulated by applying external
forces to the four selected input locations. Each of the simulated
force time histories comprised 10 sinusoids with frequencies and
amplitudes randomly selected between 0.0 and 20.0 Hz and 0.0
and 12.01b, respectively. No two input forces were the same. The
accelerationresponse of the structure at the six sensor locations was
measured for a duration of 4000 time steps, and 10% rms noise
was again added to the measured sensor response. A typical noisy
responsetime historyis picturedin Fig. 3. The noisy sensordata were
then passed through a low-pass filter with a cutoff frequency of 60.0
Hz. The filtered sensor data and the transformation matrix P were
usedin conjunctionwith Eq. (27) to estimate the responseat the input
locationsoverthe durationof 4000 time steps. Figure 4 compares the
predictedand exact response at input location 310-x. The prediction
does a good job of matching the exact response over the entire 4000
time steps despite that only the first 600 time slices were used from
the Markov parameters to compute transformation P. Prediction
accuracy can be identified more easily by considering a smaller
time slice. Figures 5-8 show the predicted vs exact response at all
four input locations over the last 500 time steps. In each case, the
predicted response is quite good. As expected, predictions are less
accurate at input locations with smaller response levels due to a
lower signal-to-noiseratio. In the absence of any sensor noise, the
predicted responses were virtually exact.

Conclusion

A method has been presented for estimating the response of a
structure during its operation at discrete locations that are inacces-
sible for measurement using sensors. The prediction is based on
measuring response at other locations on the structure and trans-
forming it into the response at the desired locations using a trans-
formation matrix. The transformationis computed using the system
Markov parameters determined from a vibration test in which the
response is measured at both the locations that will possess sensors
during structure operation and at the desired locations that will not
possess sensors. Accelerometers were used as sensors throughout
the analysis. Two different approaches were considered. The first
required as many sensors as there are modes respondingin the data.
The second approach, a generalizationof the first, only required as
many sensorsas the number of inputlocations. The desired response
atthe currenttime step is a functionof the currentand past measured
responses. In both cases, sensors have to be placed such that the sys-
tem is observable. The transformation matrix was shown to consist
of a set of remote sensing system Markov parameters, which can be
related to a set of inverse system observer Markov parameters. A
numericalexample was consideredusing the CEM testbedat NASA
LaRC. A modal test and structural operation were simulated using a

corresponding FEM. Accelerationresponse with 10% rms noise at
six sensorlocations was used to predict the responseat four force in-
putlocations. The predictions were quite good considering the large
noise levels. It is believed that the approach presented provides a
valuable tool for predicting structural response with applications
in many areas of structural dynamics, control, and identification.
The proposed method is not computationally intensive. In fact, the
transformation process itself is quite fast, consisting of only a ma-
trix multiplication. This attribute, combined with the fact that the
processis causal, may lead to real-time applicationsin the future.
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